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Abstract. A topological group (G, fi) from a class Q of MAP topological abelian groups will be called 
a Mackey group in Q if it has the following property: if v is a group topology in G such that (G, v) G Q 
and (G, v) has the same continuous characters, say (G, = (G, fi) A , then u < fj,. 

If LCS is the class of Hausdorff topological abelian groups which admit a structure of a locally convex 
topological vector space over R, it is well-known that every metrizable (G, fi) G LCS is a Mackey group 
in LCS. For the class LQC of locally quasi-convex Hausdorff topological abelian groups, it was proved in 
1999 that every complete metrizable (G, p.) G LQC is a Mackey group in LQC (|9]). The completeness 
cannot be dropped within the class LQC as we prove in this paper. In fact, we provide a large family 
of metrizable precompact (noncompact) groups which are not Mackey groups in LQC (Thcorcm l7.5ll . 
Those examples are constructed from groups of the form co(X), whose elements are the null sequences 
of a topological abelian group X, and whose topology is the uniform topology. We first show that for a 
compact metrizable group X 7^ {0} the topological group co(X) is a non-compact complete metrizable 
locally quasi-convex group, which has countable topological dual iff X is connected. Then we prove 
that for a connected compact metrizable group X 7^ {0} the group cq(X) endowed with the product 
topology induced from the product Jf N is metrizable precompact but not a Mackey group in LQC. 



1. Introduction 

For a locally convex space E there always exist a finest topology in the class of locally convex topologies 
giving rise to the same dual space E* . This topology was introduced by Mackey and it was named after 
him. 

A similar setting, as we describe below, can be considered for locally quasi-convex groups, a class 
which properly contains that of locally convex Hausdorff spaces. However the good results known to hold 
for the class of locally convex spces are no longer valid in this new class. 

In this paper we change the point of view: starting from sufficiently large classes of abelian groups, 
we define the corresponding Mackey groups. As will be seen, the theory is much reacher and properties 
like connectedness, local compactness, etc. play an important role, which obviously was not the case in 
the framework of locally convex spaces. 

Let X, Y be groups. We denote by Hom(X, Y) the set of all group homomorphisms from X to Y. If 
X, Y arc topological groups, CHom(X, Y) stands for the continuous elements of Hom(X, Y). 

A set r C Hom(X, Y) will be called separating, if 

(£1,2:2) e x x a, x\ ^ x 2 => 37 e r, 7(2-1) ^ 7(2:2) ■ 

For a topological group X, a Hausdorff group Y and a non-empty T C Hom(X, Y) we denote by a(X, T) 
the coarsest topology in X with respect to which all members of T are continuous. Note that cr(X, T) is 
a group topology in X; moreover, a(X,T) is Hausdorff iff T is separating. 
The set 

§:={seC: \s\ = 1} . 
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is an abelian group with respect to multiplication of complex numbers; it is endowed with the usual 
topology induced from C. 

From now on all considered groups will be abelian. 

For a group G an element of Hom(G,S) is called a (multiplicative) character. 
Let G be a topological group. 
We write: 

G A := CHom(G,S) . 

An element of G A is called a continuous character. Always 1 6 G A , where l(x) = 1 £ S, Vi £ G. The 
set G A with respect to pointwise multiplication of characters is an abelian group with a neutral element 
1. 

The group G A is called the topological dual of G. We shall not fix in advance a topology in G A . 

A topological group G is called maximally almost periodic, for short a MAP-group, if G A is separating. 
We denote by MAP also the class of all MAP-groups. 

For a (not necessarily discrete) topological group G the topology cr(G, G A ) is called the Bohr topology 
ofG. 

For a group G and for a group topology t in G we write r + for the Bohr topology of (G, r). Clearly 
r + < t and t + is a Hausdorff topology iff G is MAP. 

Proposition 1.1. ([10]; cf. also [HI Theorem 2.3.4] and [25]) For a MAP-group (G,r) the following 
statements hold: 

(a) t + is a precompact group topology. 

(6) (G,t) a = (G,t+) a . 

(c) (G, r) is precompact iff t = t + . 

Definition 1.2. Let (G, r) 6e a topological group. A group topology rj in G is said to be compatible for 
(G,r) */(G,r) A = (G,7y) A . 

The concept of compatible group topology is due to Varopoulos [25]. This remarkable paper offers, 
among other results, a description of locally precompact group topologies compatible with a MAP-group 
(G, r). It is also proved there that every MAP-group (G,r) admits at most one locally compact group 
topology in G compatible with (G, r) [251 p. 485]. It is natural to consider the maximum (provided 
it exists) of all compatible topologies for (G, r), a topological group in a certain class of groups. The 
following definition is in the spirit of [3], where a categorical treatment of Mackey groups is given. 

Definition 1.3. Let Q be a class of MAP-groups. A topological group (G,/i) will be called a Mackey 
group in Q if (G, /i) 6 Q and if v is a compatible group topology for (G, /i), with (G, v) £ Q , then v < [i. 

Definition 1.4. Let Q be a class of MAP-groups and (G,v) £ Q. If there exists a group topology (i 
in G compatible for (G,v) such that (G, fi) £ Q and (G,/i) is a Mackey group in Q, then [i is called the 
Q -Mackey topology in G associated with v. 

In this paper we will not discuss the problem of existence of ^-Mackey topologies (cf. [T2"]). 

Let LPC be the class of Hausdorff locally precompact topological abelian groups. 

A precompact (G, r) £ LPC may not be a Mackey group in LPC (for instance, if (G, r) is an infinite 
discrete group, then (G, r + ) £ LPC is not a Mackey group in LPC. Clearly, (G, r) £ LPC, r is compatible 
for (G, t + ), but r is strictly finer than r + ). However, the metrizability changes the picture as the following 
statement shows. 

Theorem 1.5. (cf. Corollary 2 (p. 484)]) Every metrizable (G,fi) £ LPC is a Mackey group in 
LPC. 

Next we consider another class of groups in which the metrizable groups are again Mackey. 

We say that a topological group G admits a structure of a (locally convex) topological vector space over 
R if there exists a map IxG->G making G a (locally convex) topological vector space over R. It is 
known that whenever a Hausdorff topological abelian group admits a topological vector space structure 
over R, it must be unique. 
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Let LCS be the class of Hausdorff topological abelian groups which admit a structure of locally convex 
topological vector space over K. It is an important consequence of Hahn-Banach theorem that LCS C 
MAP. The next theorem is proved in Section 2. 

Theorem 1.6. Every metrizable (G,fi) G LCS is a Mackey group in LCS. 

Remark 1.7. Let MAPVS be the class of MAP-groups which admit a structure of topological vector 
space over R. It is known that LCS C MAPVS and that this inclusion is strict. An analogue of Theorem 
[fn] fails for MAPVS: A metrizable (G,n) G MAPVS is a Mackey group in MAPVS iff (G,/i) is locally 
compact (cf. [9, Proposition 2.1]). 

A natural class of groups containing LPC U LCS is provided by LQC, the class of locally quasi-convex 
Hausdorff groups (see Definition 12. II) . In fact, it is known that 

(1.1) LPC U LCS c LQC c MAP 

where the inclusions are strict (cf. [2l[3j[9]). It was proved in [9] that every Cech-complete (G, fi) G LQC 
is a Mackey group in LQC. In particular, every locally compact (G, fi) G LQC is a Mackey group in LQC. 
We prefer to isolate here another particular case more relevant for the specific purposes of this paper: 

Theorem 1.8. ([5]) Every complete metrizable (G,/x) G LQC is a Mackey group in LQC. 

In view of Theorems 1 1 . 5 1 1 . 6l and 11.81 the following question arises: 
Question 1.9. Is every metrizable (G, ff) G LQC a Mackey group in LQC ? 

We provide a negative answer to this question, in fact we have: 

Theorem 1.10. Let (G, r) GLQC be a non-precompact group with countable dual (G,r) A . 
Then (G, r + ) is a metrizable precompact group which is not a Mackey group in LQC. 

In order to use Theorem 11.101 and produce a large scale of counter-example to Question 11.91 we need 
a general construction of non-precompact locally quasi-convex groups with countable dual (to which the 
theorem can be applied). This goal is achieved my means of a class of groups which roughly speaking 
are 'groups of sequences'. Let us denote by cq{X) the subgroup of X n of all null sequences of X. The 
following holds: 

Theorem. Let X be an infinite compact metrizable abelian group, Uq the uniform topology induced from 
X N on co(X). Then G := (co(^),Uo) is a nonprecompact locally quasi-convex Polish group. Further, the 
following assertions are equivalent: 

(i) X is connected. 

(ii) G A = (X A )W. 
(hi) Card G A = H . 
(iv) Card G A < c. 

To the proof of this theorem (together with other more precise results) are dedicated Sections 3-6. 
The key point of the proof is the introduction of a class 03 of groups X (see Definition 16. ip , such that 
cq(X) a = (A A )( N ) for every precompact group XeS fTheorem l6.3D . It turns out, that this new class *8 
can be described in some cases through well-known properties. Namely, in Corollarv l6. 131 f resp. . Theorem 
I6.15[) we show that in the class of all locally compact (resp., metrizable) groups, X G 03 iff X is connected 
(resp., locally generated in the sense of Enflo [TS], see Definition 16. 10)) . This is the backbone of the proof 
of the theorem. 

In the last section we offer some open questions and conjectures. 

Notation and terminology. Let S denote the circle group and §+ = {s G S : Rc(s) > 0} . c will stand 
for the cardinality of continuum. 

We denote by e the neutral element of a group. We also use the symbols and 1 instead of e if the 
group is known to be additive or multiplicative respectively. For a subset A of a group X denote by (A) 
the subgroup of X generated by A. 

Let X be a set. As usual, X N will denote the set of all sequences x = (x n ) n ^ of elements of X and 
(pn)neN the sequence of projections A N — > X. 



4 DIKRAN DIKRANJAN, ELENA MARTfN-PEINADOR, AND VAJA TARIELADZE 

For a group X, X^ will be the subgroup of X N consisting of all sequences eventually equal to e. For 
n G N define an injective homomorphism 

v n :X^X {n \ by v n {x) = (e, . . . , e, x, e, . . . ), 

where x G X is placed in position n. 
If X is a topological group, let 

c (X) := {{x n )nen 6 : lim£„ = e}. 

n 

Clearly Cq(X) is a subgroup of X n containing X' moreover, Co (X) = X<N iff X has only trivial 
convergent sequences. 

For a topological group X, J\f(X) is the set of all neighborhoods of e G X. Clearly, § + G Af(S). We 
write X A a for the group X A endowed with the compact-open topology. For a subset V of X let: 

V :={£,<EX A :£_(V) C §+ } . 

If X,Y are topological abelian groups and <p G CHom(X,Y), the mapping <^ A : Y A — » X A , defined by 
ip A (rj) = rj o ip for n G 1" A , is a group homomorphism called the dual homomorphism. 
The von Neumann's kernel of a topological abelian group X is defined by 

n(X) = p|{ker£:£eX A }. 

Clearly, n(X) is a subgroup of X, and X is MAP iff n(X) = {0}. If n(X) = X (i.e., X A = {I}), X is 
called minimally almost periodic. 

2. Locally quasi convex groups 

Let us recall the definition of a locally quasi convex group. 

Definition 2.1. [37] A subset A of a topological group G is called quasi-convex if for every x G G\A 
there exists % € C A such that 

X {A) c§+, 6uix(a0 £S+. 
A topological group G is called locally quasi-convex if J\f(G) admits a basis consisting of guasi- convex 
subsets of G. 

Similar concepts were defined later in |23j . where the terms polar set and locally polar group are used 
instead of 'quasi-convex set' and 'locally quasi-convex group'. The author might not have been aware of 

EH- 

The locally precompact groups are a prominent class of locally quasi-convex groups. The following 
statement characterizes the groups X G LPC with countable duals. 

Proposition 2.2. For an infinite locally precompact Hausdorff topological abelian group X TFAE: 

(i) X is precompact metrizable. 

(ii) X A is countable. 

Proof, (i) => (ii). This follows from 18, (24.14)]. 

(ii) ==> (i). Let Y be the completion of X. It is known that the groups X A and Y A are algebraically 
isomorphic, hence, Y A is countable. On the other hand, Y is a locally compact Hausdorff topological 
abelian group therefore Y C A is LCA. Since a second category countable Hausdorff topological group is 
discrete, we have that Y^ is a discrete countable group. Hence (F C A ) A is a compact metrizable group. 
By Pontryagin's theorem, Y and (Y^)^ are topologically isomorphic. Thus Y is compact metrizable and 
its topological subgroup X is precompact metrizable. □ 

Remark 2.3. It follows from Proposition 12.21 that if A" is a compact non-metrizable group, then 
Card(X A ) > N - 

We shall see below that implication (ii) (i) of Proposition l2~2"l mav fail if X is a locally quasi-convex 
Hausdorff group. 

Proposition 2.4. Let X be a precompact Hausdorff topological group and V G J\f(X). Then V > is a 
finite subset of X A . 
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Proof. It is known that V > is a compact subset of X£ - 

Suppose first that X is compact. Then X£ is discrete and in this case is finite. 

If X is not compact, then it can be viewed as a dense subgroup of a compact Hausdorff topological group 
K . Let U denote the closure of V in K; clearly U £ Af(K). Since S+ is closed in S, the density of V in 
U implies that 

v» = {t\ x :£e[/>}. 

Now, finite, implies that V > is finite as well. □ 

Let us conclude this section with the proofs of Theorems 11.61 and 11.101 

Proof of Theorem 11.61 Let (G, r) £ LCS. Then (G, r)' will stand for the set of T-continuous linear 
forms from G to K. For every I £ (G, r)' the mapping p; : G — > § defined by pz(a;) = ea;p{27reZ(x)} for all 
x £ G is a continuous character. It is easy to see that the mapping p : (G, r)' — > (G, r) A , given by I h-> p/ 
is an injective group homomorphism. It is surjective as well |18l (23.32)]. Therefore, we have: 

(2.1) (G,Tr = { Pl :l£(G,Ty}. 

Take a metrizable {G,p) £ LCS and let (G,t) G LCS be such that (G,r) A = (G,p) A . Then from f2~T]) 
we get (G, t) = (G, p) . Since p is a metrizable locally convex vector topology in G, the last equality 
according to [221 IV. 3. 4] implies that r < p and we are done. □ 

Proof of Theorem 11.101 Since (G, r) A is countable, t + is metrizable. The topology t + is precompact 
and compatible for (G,r) by Proposition 11.11 The group (G,r+) £ LQC because precompact groups 
are locally quasi-convex. Since (G, r) is not precompact we have that r + < r being r + ^ r again by 
Proposition ll.il Hence (G, r + ) is a metrizable precompact group which is not a Mackey group in LQC. 
□ 

3. Groups of sequences 

3.1. The uniform topology in X N . In what follows X will be a fixed Hausdorff topological abelian 
group. We denote by px the product topology in X N and by bx the box topology in X N . 
It is easily verified that the collection 

{V N : V £ Af(X)} 

is a basis at e for a group topology in X N which we denote by Ux and call the uniform topology. In all 
three cases we shall omit the subscript x when no confusion is possible. 

The topology u in X N is nothing else but the topology of uniform convergence on N when the elements 
of X N are viewed as functions from N to X and X is considered as a uniform space with respect to its 
left (=right) uniformity. Since it plays an important role in the sequel, we give in the next proposition 
an account of its main properties. 

We write: 

Po:=p| co (v) i t>o := b| Co (x) and u :=u| Co(x) . 

Proposition 3.2. Let (X, +) be a Hausdorff topological abelian group. 

(a) The uniform topology u is a Hausdorff group topology in X N with p < u < b. Moreover, 
(ai) p\ x m = u\ x m X = {0}. 

(&2) u|x(n) = b|x(n) =>• X is a P-group => u = b; in particular, if X is metrizable and 
u\ x m) = b|x(N); then X is discrete. 

(b) The passage from X to (X N ,u) preserves (sequential) completeness, metrizability, MAP and local 
quasi- convexity. 

(c) IfXf {0} , then: 

(ci) (X N ,u) is not separable. 

(c.2) (X^\ u\ X {») ) is not precompact and hence, (cq(X),Uq) and (X^ , u) are neither precompact. 
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Proof, (a) The first assertion has a straightforward proof. 

(ai) Suppose that A ^ {0}. Take x G A \ {0}. Then v k (x) G A< N \ k = 1, 2, . . . and the sequence 
(vk(x))k£Fi tends to in p. Since X is Hausdorff, there is a V G A/"(X) such that x $ V. Then 
Vk(x) £ V N , k = 1,2, Hence, the sequence (^fc(x))fegN does not tend to in u. 

(a 2 ) Suppose that u| x( bq > b\ xm . Take arbitrarily U n G Af(X), n=l,2,.... Then ([\ neN U n ) n A^ 
is a neighborhood of zero in As u| x < N ) > b|x( N )) there is a G M{X) such that 

v N nx^ c (JJ^n)nxW. 

Etomwfe(V) C7 N nl("», fc = l,2,...,weget: C (n„ eN U n )nX( N \ k = 1, 2, . . . . So, V C [/„, n = 

1,2,..., therefore V C HneN Thus, for each sequence U n G Af(X), n = 1,2,..., f] neN U n G Af(X). 
Consequently, X is a P-group. 

The implication 'A is a P-group ==>• u = b' is easy to verify. 

The last assertion in (a 2 ) follows from the well-known fact that a metrizable P-space is discrete, 
(b) We omit the standard proofs of the first two cases. 

Assume that X is MAP and let x = (i n ) n£N G A N \ {0}. Take n G N such that p«(x) ^ 0. Since X is 
MAP, there is £ G A A such that £(p n (x)) ^ 1. Clearly p n is u-continuous, therefore </? := £,op n g (A n , u) a 
and </>(x) ^ 1. Hence, (A N ,u) is MAP. 

In order to prove that (A N , u) is locally quasi-convex provided that X has the same property, just 
observe that for any quasi-convex V G Af(X), V 1H — C\ n eTiPn > an d quasi-convexity is preserved 
under inverse images by continuous homomorphisms and under arbitrary intersections. 

(ci) Let us fix x € X \ {0} and U G Af(X) such that U n {-x, x} = 0. Write C = {0, x} N . Then 

(3.1) card(C) = c, yi G C, y 2 G C, yi ± y 2 => yi - y 2 (7 N . 

Take a symmetric G Af(X) such that V + V G J7. Let D be a dense subset of (A N , u). Then for every 
y G C we can find a d y G D such that d y G V + y. From (|3.1[) we get: 

yi £C,y 2 6 C, yi ^ y 2 =^ d yi ^ d y2 . 

Thus, for any dense subset D, card(D) > c, and therefore (A N ,u) is nonseparable. 

(c 2 ) Fix x G A, and a symmetric V G A/"(X) such that a; ^ V. Then 

(3.2) m, n G N, m ^ n => i/ m (i) - z/ n (x) F N . 

Now (13.21) together with z/ m (x) — ^(x) G A^ N ) ,Vm,n G N, yield that (X' N ),u|x(*)) is not precompact. □ 

Remark 3.3. If A is a compact metrizable group and p is an invariant metric for X, then the equality 

doo(x,y) = sup|o(x„,j/ n ), xjel" 

neN 

defines an invariant metric for (A N ,u). In particular, the topology of (S N ,u) can be induced by the 
following metric: 

doo(x,y) = sup \x n - y n \, x,yG§ N . (t) 

According to [TTJ Example 4.2] the metric group (S N , doo) has the following remarkable property: it is not 
precompact, but every uniformly continuous real-valued function defined on it, is bounded. 

3.4. The group of null sequences cq{X). In this section we study the group of all null sequences of 
a topological abelian group A as a subgroup of (A N ,u). 

Lemma 3.5. Let X be a topological group. Then: 

(a) Co (A) is closed in (A N ,u). 

(b) If x = (x„)„ e N G co(A), then the sequence Q^fe=i i/ fc(xfe)) nGN converges to x in the topology u; 
in particular, X^ is a u-dense subset of cq(A). 
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Proof. In order to prove (a), pick x = (a;„) ne NA N \co(A). There exists then V G A/"(X) and a subsequence 
x nk £ V, k E N. Take a symmetric Vi € M{X) such that Vy+Vi C V. Now we have: (x+(Vi) N )nc (A) = 
0. In fact, for any z G (Vi) N , ^ Fi for otherwise x„ fc € Fi + Vi C V. Therefore x + z ^ c (X). 

In order to prove (b), let y n = Y^k=x v k{ x k) for n G N. Fix U G ■AZ'(X) and pick a symmetric 
V G A/"(A") with V" C U. Since x = (x„)„ s n G cq(X), for some fc S N we have Xfc G V, Vfc > fco, i.e., 
yk — x G V N C t/ N . Hence yk G x + U N Vfc > fc and therefore y n converges to x. This proves also the 
last assertion of (b) . □ 

Thus, the situation described in the previous Lemma is: 

na\ u ~ densely u — closed m 

A (N) C c Q (X) G X n 

Since the groups of the form (co(X),Uo) are the main object of our future considerations, we summarize 
now those properties inherited from the corresponding ones in (A N ,u), or lifted from properties of X^\ 

Proposition 3.6. Let X be a Hausdorff topological abelian group. 

(a) (cq(X),Uq) is a Hausdorff topological group having as a basis at zero the collection {V^P\Co(X) : 
VeN{X)}. 

(b) po < IK) — &o> Moreover, po = X = {0}; if X is metrizable and Uo = bo, then X is 
discrete. 

(c) The passage from X to (co(X),Uo) preserves (sequential) completeness, metrizability, separability, 
MAP, local guasi- convexity, non- discreteness, and connectedness. 

Proof, (c) Assume X is separable. The density of X^ in cq(X) yields that cq(X) is also separable. 
If (c (X),u ) is discrete, for some V G Af(X) we have that V N n c (X) = {0}. Thus V = {0} and X is 
discrete. 

The rest of (c) (except connectedness), as well as (a,b) follows from Proposition 13. 21 

Assume now that X is connected. Consequently, the product spaces X n are also connected, for all 
n G N. Let 

G n := {x G co(X) : x k = 0,k = n + l,n + 2, . . .} 

Then (G„,U|g„) is topologically isomorphic to (X n ,p\x«), therefore connected. Since X^ = U neN G„ 
and PlneN 7^ ^) we obtain that that (X^ N \ U|x<n) ) and its closure (cq(X),uq) are connected. □ 

Remark 3.7. The metric group (co(S),doo) was introduced by Rolewicz in [3T], where he proves that 
it is a monothetic group. As he underlines, a monothetic and completely metrizable group need not be 
compact or discrete, a fact which breaks the dichotomy existing in the class of LCA-groups: namely, 
a monothetic LCA-group must be either compact or discrete ([26l Lemme 26.2 (p. 96)]; see also [TJ 
Remark 5] , where a construction of a different example of a complete metrizable monothetic non- locally 
compact group is indicated). 

A proof of the fact that (co(§),Uo) is monothetic is contained in [T31 pp. 20-21] (cf. also [TB], where 
it is shown further that (co(S),Uo) is Pontryagin reflexive). 

Remark 3.8. Let X be the group K with the usual topology. 

(1) By Proposition ^. 21 (R w . u) is a complete metrizable topological abelian group. The group (R n ,m) 
is not connected; the connected component of the null element coincides with and the topology 
uj;^ is the usual Banach-space topology of 1^. It follows that although R N is a vector space over 
M, the topological group (R N ,u) is not a topological vector space over M. 

(2) By Proposition 13.61 (c). (c (IR),Uo) is a complete separable metrizable connected topological 
abelian group. Note that cq(M) is a vector space over K and (co(M),Uo) is a topological vector 
space over R. The topology Uo is the usual Banach-space topology of c . 

(3) It is easy to see that Z^ N ' is a closed subgroup of (co(R),Uo) and the quotient group 

(c (R),u )/zW 
is topologically isomorphic with (co(S),Uq). 
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For an additive topological abelian group X we introduce the following three subgroups of X N included 
between and c {X): 

cs(X) = {x = (x n ) n6 N S X N '■ [y ]xk) is a Cauchy sequence in X}, 



and 




ss(X) = {x = (x n ) n £fi £ X : [ y ^ Xk ) is a convergent sequence in X}. 

neN 



l(X) = {x = (x n ) neN G X N : (x CT( „))„ eN G ss(X) for every bijectioner : N — > N }. 

The same notation will be used if X is a multiplicative topological abelian group: in fact, these three 
groups are defined similarly. 
Clearly, 

I w C l(X) c ss(X) C cs(X) c copC). 
It is easy to observe that for a Hausdorff topological abelian group X the equality ss(X) = cs(X) holds 
iff X is sequentially complete. 

The notation cs(X) and ss(JT) are not standard, while l(X) can be justified as follows: usually I stands 
for the set of all real absolutely summable sequences and by Riemann-Dirichlet theorem, 

(3.3) Z(R) = {x = (x n ) neN G R N : (|x„|)„ £N G ss(M)} = I . 

Observe that we also have the following analogue of (|3.3[) for § (cf. [8, Ch. VIII. 2, Theorem 1 (p. 116)]): 

(3.4) Z(S) = {x = {x n ) neN G § N : (|1 - x n \) neN G ss(K)} . 

It is well known that Z(R) ^ ss(R) ^ c (M). 

Let us consider now the situation in the general case. First of all we note that if X has only trivial 
convergent sequences, then 

X™ = 1{X) = ss(X) = cs(X) = c (X) . 

However, for a group X the equality cs(X) = c (X) need not imply the equality X^ = cq(X) as the 
following proposition shows. 

Proposition 3.9. Let X be a topological abelian group. 

(a) IfAf(X) admits a base consisting of subgroups of X, then cs(X) = co(X). 

(b) If X is sequentially complete and J\f(X) admits a base consisting of subgroups of X , then l(X) = 
ss(X) = co(X). 

(c) If X is totally disconnected and locally compact, then l(X) = ss(X) = cq(X). 

Proof, (a) is easy to verify and (b) follows from (a). Finally, (c) follows from (b), since our hypothesis 
implies that M(X) admits a basis consisting of subgroups of X ([T5J Theorem II. 7. 7 (p. 62)]). □ 



We shall see (Remark l6.17l) that if a non-trivial group X is either connected and metrizable or connected 
and locally compact, then ss(X) ^ cq(X). It is not clear whether for a complete metrizable abelian group 
X the equality l(X) = ss(X) implies the equality ss(X) = cq(X). 

4. The /3-dual of a group of sequences 

For topological abelian groups X, Y and a non-empty A C X N we write: 

AP(Y) = {h = (e„)„ eN G (CHom(X,Y)f : (C„(x n )) neN G ss(Y) Vx = (x n ) n eN G A}. 

The notation A°(Y) is taken from the theory of sequence spaces, where it is used for X = Y = K (see, 
e.g.,0). 

Instead of A"(S) we will use the shorter notation A@. In other words, 

A? = {h= (C„)„ eN G (X A ) N : (£„(x„)) neN G a«(S) Vx = (x n ) n eN 6 A}. 

Clearly, A 13 is a subgroup of (X A ) N containing (X A )( N '. If A is a subgroup, we will call A@ the /3-dual 
of A. 
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Let A C X K be a subgroup and r a group topology in A. The main motivation to introduce the 
/3-dual comes from the fact that, under appropriate hypotheses, (A, r) A is canonically isomorphic with 
A . Now we describe several cases when this occurs, being A := cq(X) the most important of them (See 
next section). 

Lemma 4.1. Let X be a topological abelian group. Then 



(4.1) (iW) =(X A ) N and (lY = (I A ) 



(N) 



Proof. The first equality in (|4.ip is trivial. To prove the second one it is sufficient to show that (X N )' 3 C 
(;r A )(N) , Take 

(4.2) h = (C„)„ eN e (x N f 

and let us see that the assumption 

(4.3) h=(£„)„ eN ^(X A )W 
leads to a contradiction with (|4.2[) . 

From (|4.3p we get the existence of a strictly increasing sequence (fc n )neN of natural numbers such that 

(4.4) £ kn (X)^{l},n=l,2,... 

Since S+ contains no nontrivial subgroup o/§, from (|4.4[) we get the existence of a sequence (xk„) n eN of 
elements of X such that 

(4.5) Z ku (x ku )?S + ,n=l,2,... 

Put Xj — for all j G N \ {fei, fc 2 , . . . }. For the sequence x = (x n ) ne ^ G X N obtained in this way, the 
sequence dlfe^i Cfe( a; fc))neN converges in § by virtue of (|4.2I) . This implies that lim n ^ ra (x n ) = 1. Hence, 
lim n ^k n {x kn ) = 1. However, as §+ G A/"(§), the equality lim„ ( x k n ) = 1 contradicts (|4.5p . □ 

In the following assertion an additive abelian group A c I N is treated as a Z N -modulc. 
Lemma 4.2. Let X fee a topological abelian group, A C X N a non-empty subset having the property: 

(4.6) ftlfici, 

(£n)neN € ^4- arcd (^n)nGN o, strictly increasing sequence of natural numbers. Then (S,k n )neN G A* 3 . 

Proof. Take an arbitrary x = (x„)„ e N € A and define y = (y n )nefi G X N as follows: y/- n = x n , n = 
1,2,... and V j = 0, Vj G N \ {fci, fe 2j . • . }• Then y = (y n )„ eN G A by 
Since y = (y„)„ e N G ^ and (£„) nG N G A' 3 , the sequence 



n ^(f* 



\fc=l 



converges in §. Observe that 



(4.7) IK Hi ' ' ' ^=1,2,.. 

From l|4.7p we conclude that the sequence 

11^^') 

converges in § too. Since this is true for an arbitrary x = (x n ) n ^ G A, we get that (£fc„)neN G A^ . □ 
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For a topological abelian group X, a subset A C A N and for a fixed h = (£ n )neN G A? we define a 
mapping Xh '■ A — > § by the equality: 

oo n 

Xh(x) = Y[ Cn {x„) := lim €k(xk), x = (x„)„ eN 6 A . 
n=l fc=l 

It is easy to observe that 

• if h = (£„)„ eN e (A A )W, then X h is defined on the whole X N . 

• If A is a subgroup of A N , then 

Xh G Horn (A, S) , VheA". 
Notation 4.3. For a subgroup A C X N , the letter x will denote in the sequel the mapping 

X : A 13 -> iJom (A, S) 

defined by the equality: 

x(h)=Xh Vh = (£„)„ eN e . 
Of course, the mapping x depends on A, but, to simplify notation, we shall not indicate this dependence. 

Lemma 4.4. Let X be a topological abelian group and A C A N a subgroup such that X^ C A. Then, 
the mapping x '■ ^ ~~ ^ Horn (A, §) is an injective group homomorphism. 

Proof. It is easy to see that % is a group homomorphism. Let h = (£ n )n<=N G ker(x). Then 

Xh(x) = 1, Vx = (x„)„ eN e A. 

Fix n S N and sc G X. As S A( N ) C A, we get: £ n (x) = Xh(^n(^)) = 1- Since i G X is arbitrary, 

must be the null character. Therefore, h = I := (1, 1, . . . ) and ker(x) = {1}- Hence, x is injective. □ 

The following example illustrate the usefulness of the non-topological Lemma T4. II 

Example 4.5. It is a well-known fact, that if X is a topological abelian group, then 

(4.8) Xh G (A N ,p) A Vh = (C n )neN G = (A^ 
and £/ie mapping x '■ 

^ (X N ,p) A is a group isomorphism. 
Indeed, (|4.8I) is easy to verify. The injectivity of x derives from Lemma T4. 41 It remains to show that 
X is surjective too. 

Write G = (A N ,p) and fix an arbitrary k E G a . We need to find h = (£„)„ eN 6 (A A )W such that 
K = Xh- For every neJI the homomorphism v n : X — > G is continuous. Hence £ n := K o j/ n g A A . Let 
us see that h := meets the requirements. 

Fix x = (x n ) neN G A N . Evidently, the sequence (J2k=i ^fc(^fc))neN converges in G to x = (a;„)neN ■ 
Hence, 

n n 

(4.9) /c(x) = lim^y* Vk(x k )) = lim TT £ fc (£fc) . 

k=l k=l 

Since x = {x n )neN G A N is arbitrary, (|4.9I) implies that h = (Cn)neN G (A N )^ and k — Xh- By Lemma 

O (X N ) P = (A A )W . Consequently we have found h = (£„)„ eN g (A A )W such that k = Xh, and the 
surjectivity of x is thus proved. 

Remark 4.6. Let X be a topological abelian group. 

(a) Example 14.51 asserts only that the group (A N ,p) A can be algebraically identified with the group 
(A A )( N ) by means of the group isomorphism x- In fact more is known: x is also a homeomorphism 
between (A N ,p) A Q and ^(A A )( N \b^, where b stands for the topology induced from the box 

product ((A A f,b) in (A A )W. 

(b) An application of (a) for X = Z gives that (§' N ', b|g(N>) is a complete non-metrizable group. In 
particular, we get that §W is a closed subgroup of (§ N , b). 

(c) It is known also that b|x( N )) is topologically isomorphic with ((A^) N ,p). 
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(d) An application of (c) for X = § gives that the group (S^ N \ b|§<N)) has cardinality c. It follows 
that b|g<N) is not a compatible topology for (§( N ),p|§(N)) (cf. Proposition [53]). 

5. The topological dual of (c (A),u ). Coincidence with the /3-dual 

In this section we will prove that for a complete metrizable gruoup X, the dual of the topological group 
(cq(X),ho) algebraically coincides with the /3-dual. We start calculating the /3-dual for the particular 
group co(S), which has interest in itself: in fact, from it we derive the first example of a metrizable locally 
quasi-convex group which is not LQC-Mackey (See Proposition [573]). 

The following statement is a bit more delicate than Lemma T4. II 

Proposition 5.1. For Cq(E>) we have: 



(5.1) co(S)' 3 = (S A ) (N) . 

Proof. For a fixed m E Z let (p m : § — > § be the mapping t h-> t m . It is known that 

§ A = {ip m :meZ}. 

So, fix a sequence (m„) n£ N £ Z N such that (y m „) n en G Co(S)' 3 and let us see that in fact (m n ) ne fq 6 Z( N ). 

Suppose that (rn n ) rae N ^ZW. Then for some strictly increasing sequence (fc n ) n eN of natural numbers 
we shall have: mfc n ^ 0, n = 1,2, . . . As (<y9 mji )„ e pf G co(S)' 3 , by Lemma 14.21 we have: 

(5.2) (tp„ lk J neN E c a (§f . 

Let Xi = X2 = 1; then for a natural number j > 2 find the unique natural number n with 2" < j < 2 n+1 
and write 

a;., = exp | 2iri — — 

J v \ m fe ,2»+i 



Clearly, x = (xj)j^ € c (§) and 

2" 



(5.3) JJ <p mkj (xj) =ex P [ 2?ri XI ^"fT ) = -1, n = 1,2,... 

J=2»- 

It follows from (|5.3[) that 



2 r ' 

j=2»+l \ fc=2" + l 



is not a Cauchy sequence in S, hence it is not convergent in § in contradiction with (|5.2j) . □ 

The next proposition plays a pivotal role in the computation of the dual of (co(X),Uo). 

Proposition 5.2. Let X be a topological abelian group and G :— (co(A),Uo). The following assertions 
hold: 

(a) Xh G G A for every h = (£„) neN € (A A )W C co(A)' 3 and ffte mapping X ■ (A A )W ->• G A is an 
infective group homomorphism. 

(b) M^e ftawe: 

G A c{xh:h=(e„)„ eN eco(A)^}. 

(c) If X is complete metrizable (or, more generally, (co(X),Uq) is a Baire space), then we have: 

G A = { X h--h=(£ n )nenec (Xf} 
and the mapping \ : cq(A)' 3 — > G A is a group isomorphism. 
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Proof, (a) As u > po we have Xh £ G A , Vh = (£n)«eN £ (A" A ) (N) . The rest follows from Lemma Ol 

(6) Fix k £ G A . We need to find h = (£„)„ e N £ cq(X)' 3 such that k = Xh- For every n £ N the 
homomorphism z/„ : X — > G is continuous, so £ n := K o z/ n £ X A . Let us see that h := (£ n ) n £N mee ts the 
requirements. 

Fix x = (x n ) ne fq £ cq(X). By Lemma [3.51 the sequence (X}fc=i I/ fc( a; fc))neN converges in G to x = 
{x n ) n( zn- Hence, 

n n 

(5.4) k(x) = limK(V* v k (x k )) = lim TT Cfe(^fe) • 

fe=l fe=l 

Since x = (x n ) ne ^ £ Co(X) is arbitrary, (|5.4I) implies that h = (£„) n eN £ co(X)' 3 and k ~ Xh- 
(c) Taking into account (6), we only need to see that 

G A D{x h :h=(£„)„ eN £co(AY}. 
So, fix h = (^ n )neN £ cq{XY . As we have already noted, Xh : co(X) — > S is a group homomorphism. For 
n £ N, set h n = (^,...,^,1,1,...). Then h„ £ (X A )W. Hence, 

(5.5) Xh„ £ G A , n = 1, 2, . . . 
Clearly, 

(5.6) limxh„(x) = Xh(x), Vx = (x n ) ne ® £ c Q (X) . 

n 

Since X is complete metrizable, by Proposition 13. 6{ c). the group G = (cq(X),Uo) is complete metrizable 
too. In particular, G = (co(X),uo) is a Baire space. This and relations (I5.5[) and (15.61) . according to 
Osgood's theorem 119, Theorem 9.5 (pp. 86-87)] imply that the function Xh has a Uo-continuity point 
x = (x n ) ne iq £ cq(X). Since Xh is a group homomorphism, we get that Xh is Uo-continuous. Therefore, 
Xh £ G A . " ' ' □ 

Now we are ready to give the first example of a precompact metrizable group which is not a Mackey 
group in LQC: 

Proposition 5.3. For X — S the following assertions hold: 

(a) (cf. [201 Lemma]) (co(S),po) A = (cq(§),Uo) a . In particular, the set (co(§),Uo) A is countable. 

(b) Uo is a compatible locally quasi-convex Polish group topology for (co(S),po)- 

(c) (co(§),po) * s a precompact metrizable group which is not a Mackey group in LQC. Further, it is 
connected and monothetic. 

Proof, (a) Since po < U, we have: (co(S),po) A C (co(S),Uo) A . To prove the converse inclusion, fix an 
arbitrary n £ (c (S),Uo) A . By Proposition 15. 2{ b) there exists h = (£„)„ g n £ (co(S))^ such that k = Xh- 
By Proposition O c (S)* 3 = (§ A )W . Therefore we have: k = Xh, where h = (£ n ) neN £ (§ A )W . 
Consequently, k £ (co(S),po) A and the first part of (a) is proved. The second part of (a) follows from 
the first one because (co(S),po) A is algebraically isomorphic to (§ N ,p) A . 

(b) Uo is a locally quasi-convex Polish group topology by Proposition 13.61 By (a) it is compatible for 
(co(S),Po). 

(c) Observe that (co(S),po) is a topological subgroup of the compact metrizable group (S N ,p). There- 
fore it is metrizable and precompact. By (6), Uo is a locally quasi-convex group topology compatible for 
(c (S),po) and strictly finer than p (by Proposition l3.6[) .This proves that (co(S),po) is not a Mackey 
group in LQC. 

The last two assertions follow respectively from Proposition 13.61 (c) and from Remark 13. 71 □ 

Remark 5.4. It follows from Proposition l3.6l and Proposition l5.3f a). that (co(S),Uo) is a non-precompact 
locally quasi-convex group with countable dual (co(S),Uq) ; consequently by Theorem 1 1 . 101 (cn (§) . (uo) + ) 
is a metrizable precompact group which is not a Mackey group in LQC. Observe, however that (again 
by Proposition 15. 3( a)) we have: (uo) + = po and we get a second proof of Proposition 15. '3( c). 

We shall see below that the group § in Proposition 15.31 can be replaced by an arbitrary non-trivial 
compact connected metrizable group (see Theorem 17. 5[) . However the proof of this fact will require a 
subtle preparation, to which the rest of the paper is devoted. 
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6. The class 93 

In this section we introduce a large class of compact metrizable groups X that can be used as input 
in Proposition 15.31 

Definition 6.1. For a topological abelian group X, let 

r abs pO := {£ e x A ■. (£(z n )) n6N g bs(S) Vx = (x n ) neN g c (x)} . 

Clearly, r a b s (X) is a subgroup of X A . Denote by 03 the class of groups X such that r^sPO = {1}< 

Remark 6.2. Let X be a topological abelian group. 

(a) The notation r a b s (^0 is justified by the following facts easy to prove: 

Tabs W - {£ G X A : (£(z„))„ eN G l(S), Vx = (z„)«eN G c Q (X)} . 
Taking into account the equality (13. 4[) , for any character £ 6 X A , we have: 

oo 

6 G r abs (X) iff 53 |1 - £(a*)l < oo, Vx = (x„)„ eN G Co(X). 
k—1 

(b) r a bs(-^) can be described also by means of the diagonal homomorphism A : X A — > (X A ) fi . 
Clearly, if £ G X A , then £ G r abs (X) iff (£, £, . . . , f, ■ • ■ ) G c (X)' 3 . Therefore: 

r abs (x) = A- 1 ( Co (x)' 3 ). 

Whenever c (Xf = (X A )^\ T ahs (X) = {1}, and X G 23. In particular, by Proposition O 
§ G 53. 

(c) We shall show below (Theorem I6.3[) . that if X G 03 is a precompact group , then (co(X),Uo) A 
can be canonically identified with (X A )( N ). Thus, summarizing: 

c (Xf = (X A )W X G 03, uMstf X G OS is precompact co(X) A = (X A )^l 

Our ultimate aim to have the equality co(X) A = (X A )^ has motivated the introduction of 
the class 03. 

In what follows assume that Cq(X) is endowed with the topology Uo- The dual co(X) A is a subgroup of 
the group Hom(co(X),§), and the density of X^ in cq(X) allows the algebraic identification of co(X) A 
with a subgroup of (X A ) N contained in c$(X)p (see also the assignment n H > (£„) from the proof of item 
(b) of Proposition I5.2[) . In the sequel we denote by j : G A — > (X A ) N this assignment k (£„), which 
actually is the inverse of x defined in the previous section. Then j(G A ) C co(X)^. 

Theorem 6.3. J/ X G 03 is precompact, and G := (c (X),u ), i/ien j(G A ) = (X A )( N '. #e«ce i/je 
mapping \ : (X A }^ — > G A is a group isomorphism. 

Proof. By Proposition 15.2( a). we only need to see that x is surjective. To this end fix 

h = (Cn)neN G j(G A ) C Co (X)^ C (X A ) N . 
We have to see that, in fact, h G (Jf A )( N) . 

By using the Uo continuity of Xh we can find some V G Af(X) such that Xh (^ N H Co(X)) C §+ . This 
implies: 

(6.1) CneV^ VneN. 

By Proposition 12.41 the precompactness of X implies that the set V > is finite. Thus, by (|6.II) . the set 

W h := {£ G V» : 3n G N, £ = £„} 

is finite. Fix £ G Wh and write 

N c := {n G N : £ = £»}. 
Clearly, ^ 0, V£ G Wh- We need to prove the following 
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Claim. If the set is infinite for some £ £ Wh, then £ = 1. 

Proof of the Claim. Let is infinite for £ £ Wh- Write as a strictly increasing sequence: 
N € = {fci, *&,...}. 

From (£ n )neN G c o(A)^ by Lemma [4721 we conclude that ({t„) ne m 6 c (A)^. Hence, (£,£,...,£,...) £ 
co(A)' 3 , and so, £ € r a b s (A). As A £ 03, we obtain that £ = 1. This proves the claim. 

As the set Wh is finite, we deduce from the claim that for some no £ N we have: £ n = 1, Vn > no. 
Consequently, h = (£ n ) n eN £ (A A )( N ) and the surjectivity of x is proved. □ 

Corollary 6.4. 7/ A £ 03 is a non-trivial precompact group and G :— (co(A),Uo), then Card G A = 
CardX A . 

Proof. According to Theorem 16.31 the mapping \ '■ (A A )( N ) G A is a group isomorphism. Hence, 
Card G A = Card (X A )( N ). Clearly, for any precompact nontrivial group X £ 03, A A is infinite. Otherwise 
X would also be finite and Co(X) would coincide with X^ Then F a b s (A) ^ 1, which contradicts the 
fact that X £ 03. Thus, Card G A = Card (X A )^ = Card X A . □ 

6.5. Properties of the class 03. It is clear that 03 contains all minimally almost periodic groups. We 
will consider soon other interesting examples. 

Proposition 6.6. Let X be a topological abelian group. 

(a) J/cs(X) = co(X), then F abs (A) = A A . 

(b) J/cs(X) = c (X) and X A ^ {1}, i/ien A ^ 03. 

(c) If X ^ {0} is locally compact and totally disconnected, then X g" 03. 

Proof, (a) is easy to verify and (6) follows from (a). Finally, (c) follows from (6) and Proposition ^. 91 (b) 
because A A ^ {1}. □ 

The class 03 is stable through continuous homomorphisms (and in particular, through quotients), as 
proved in the next lemma.. 

Lemma 6.7. Let X,Y be topological abelian groups and ip £ CHom(X,Y). We have: 

(a) ^ A (r abs (r)) cr abs (A). 

(b) If X £ 03 and ip(X) is dense in Y, then Y £ 03. 

(c) If n(X) is the von-Neumann's kernel of X, then X £ 03 iff X/n(X) £ 03. 
Proof, (a) is easy to verify. 

(b) By the assumption r abs (A) = {1}, and from (a) we get that y> A (r a b s (Y)) = {1}. Now it remains to 
note that <p A is injective by the density of f{X) in Y . 

(c) The implication X £ 03 => A/n(A) £ 03 follows from (b). The implication A/n(A) £ 03 => X £ 
03 follows from the fact that the canonical homomorphism ip : X —> A/n(A) induces an isomorphism 
(p A : (A/n(A)) A — > A A . □ 

Now we prove that the class 03 is stable also under arbitrary direct products. 

Proposition 6.8. Let I be a non-empty index set, (Aj)j £ / a family of topological groups. Then the 
cartesian product YiiPi belongs to 03 iff Xi £ 03 for every i £ I. 

Proof. Assume that Xi £ 03 for every i £ I. Fix <p £ Xi) A . ^ s known (see, e.g., [3] or [T3l 

Exercise 2.10.4(g,h)]) that there is a family (£j)jei £ Yiiei -^i sucn that Card{i £ I : £$ ^ 1} < oo and 

y(x) = J^£i(x,), Vx = (xi) ie i £ J| A 4 . 
iei iei 

Suppose now that (p £ r a b s (]~I ie j Aj). It is easy to see that £$ £ r a b s (Ai), Vi £ I. From the assumption 
r a bs(Ai) = {1}, Vi £ 7, we get that & = 1, Vi € I. Hence, 93 = 1 and so, r abs (riie/ X *) = W- 

The converse follows from Lemma T6.71 (b). □ 
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6.9. A description of the class 03. Here we offer a complete description of the metrizable groups in 
03 (see Theorem 16.121 and Corollary 16. 13p . The following notion due to Enflo [15] is a cornerstone in the 
sequel. 

Definition 6.10. 15, p. 236] A topological group X is called locally generated if 

(V) =X We Af(X) . 
It is easy to observe that a topological group X is locally generated iff 

oo 

X=\J(V + -- . fcsummands + v), We N{X) . 
fe=i 

Some easy properties and known facts of the locally generated groups are collected in the next Remark. 

Remark 6.11. (a) All connected topological groups are locally generated ( [T51 Theorem II. 7. 4 ]). 
On the other hand, every locally generated locally compact group is connected [181 Corollary 
II.7.9]. 

(b) Obviously, a group X is locally generated iff X has no proper open subgroups. Consequently, 
if H is a dense subgroup of a topological group G, then H is locally generated iff G is locally 
generated. 

(c) From (a) and (b) one can deduce that a locally precompact group is locally generated iff its 
completion is connected (i.e., the locally generated locally precompact groups are precisely the 
dense subgroups of the connected locally compact groups). 

(d) The additive group of rational numbers Q with the usual topology is a metrizable locally generated 
group which is totally disconnected. A complete metrizable locally generated topological abelian 
group also can be totally disconnected JTSJ Example 2.2.1]. 

Theorem 6.12. Let X be a topological abelian group. 

(a) If X G 03, then X is locally generated. 

(b) If X is locally generated and metrizable, then A G 03. 

Proof, (a) Take a symmetric open V G A/"(A) and let H := (V). Then H is open in X and so, the 
quotient group X/H is discrete. Now from Lemma [6.71 (b) we get that the discrete group X/H G 03. 
This implies that X/H is a singleton. Consequently, H — X and so, X is locally generated. 

(b) Take a character £ G X A \ {1}. In order to prove that £ ^ T a b s (X) we must find a sequence 
[x n ) n en G c (X) such that 

(n ft**)) 

is not convergent in §. 

As £ € A A \ {1}, there is x G X such that £(x) ^ 1. Let {Vi, V 2l ...} be a basis for N{X) such that 
V n D Vn+i,n = 1,2, Since X is locally generated, 

oo 

X = [j{V n + ■■■ k summands + V n ) , Vn G N . 
fe=i 

Thus for a given n G N we can find k n G N such that 

x( z Vn + ■•>'" Bummands + ^ _ 

Therefore, we can also find a finite sequence x n> \, . . . , £ n ,fe„ such that 
and 

— ^ ^ ^n.i ■ 
i=l 
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Let 

n 

mo = 0, m„ := k i} n = 1, 2, . . . 

i=l 

Define now a sequence (xj)j^ as follows: find for j'gN the unique n G N with < j < m n and put 

Clearly, 

^1 ^1,1 ) • • • ) *mi — *l,mi ? *£mi + l — *^2,1 ? ■ • ■ ? — *^2,fc2 5 ^m2 + l — ^3,1 5 • • * ; ^7713 — ^-3,&3 5 * * • 

and 

Xj 6 Ki, j = m„_i + 1, . . . ,m„; n = 1,2,3, .. . 
The last relation, since m n — > oo and (Ki)neN is a decreasing basis for J\f(X), implies that the sequence 
(xj)j£fq converges to zero in X. Now, 

II II * s r h>>'- =t( x )^ 1 ' "-1,2,3,... 

j— m^-i+l i— 1 \i— 1 / 

Consequently, ( Il?=i £( x j) ) * s n °t a Cauchy sequence in § and hence it is not convergent. □ 

Since connected groups are locally generated, we obtain: 

Corollary 6.13. A metrizable abelian group X G *B iff X is locally generated. In particular, 05 contains 
all connected metrizable groups. 

Remark 6.14. Since 95 contains all minimally almost periodic groups (see Lemma [6.7l (c')'). from Theorem 
I6.12f a) we conclude that a minimally almost periodic group is necessarily locally generated. In [T3l p. 
21] this observation is used for producing a Hausdorff group topology r in Z' N ' such that (Z( n ),t) is 
minimally almost periodic. 

The following theorem implies, in particular, that the metrizability assumption can be removed from 
Theorem lG. 121 (6) in the locally compact case (however this cannot be done in general, see Remark |6.16[) ). 

Theorem 6.15. For a locally compact abelian group X TFAE: 

(i) leB. 

(ii) X is locally generated. 

(iii) X is connected. 

Proof, (i) (ii). By Theorem 16. 121 (a), (i) implies that X is locally generated. 

(ii) =$> (iii). Follows from [T^l Corollary (7.9)]. 

(iii) => (i) Take £ £ r a b s (X) and let us verify that £ = 1. 
Consider the set 

A= |J tp(R) . 

ipeCHom(R,X) 

Let us see first that 

(6.2) £U = 1. 

Fix ip e CHom(R,X) and set H = ip(R). Clearly £| H G T ahs (H). By Theorem l6~T2l (b). R G 25. By 
Lemma K7\b). H = ip(R) G 55 too. Therefore, G r abs (i?) = {1} and £\ H = 1. Consequently (JO]) is 
proved. 

Clearly (|6.2p implies: 

(6.3) ei<A> = i. 

Now, according to [T5J Theorem 25.20 (p. 410)] the connectedness of X implies that (A) is a dense 
subgroup of X. From this and (|6.3p we obtain that £ = 1. □ 
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Remark 6.16. Local compactness is essential for the implication (Hi) ==> (i) of Theorem 16. 151 Indeed, 
that implication may fail in general even for a pseudocompact group X. In fact, according to |17l Corollary 
2.10] (see also 24, Remark 3.4]) there exists an infinite connected pseudocompact abelian group X which 
contains no non-trivial convergent sequence. For such a group we have that cq(X) — X^; hence 
r a bs(-X") = X A and so, X 03. Consistent examples of connected countably compact groups without 
infinite compact subsets can be found in [T4J Corollary 2.21] (note that in both cases the groups are 
sequentially complete). 

Remark 6.17. From the proof of Theorem l6.12f 6) and implication (it) => (i) of Theorem l6.15l it follows 
that if a locally generated Hausdorff topological abelian group X is either complete metrizable or locally 
compact, then cq(X) ^ ss(X). According to Ch. III. 5, Exercise 6 (b)(p. 315)] if X ^ {0} is an 
arbitrary locally generated complete Hausdorff topological abelian group, then l(X) ^ ss(X) and hence, 
cq(X) 7^ ss(X) as well. Remark 16.161 implies that similar conclusion may fail for a connected (hence 
locally generated) sequentially complete Hausdorf pseudocompact abelian group. 

Another class of non-metrizable groups in 03 can be obtained from Proposition 16.81 

7. Applications of the class 03 
7.1. Groups with countable dual. 

Proposition 7.2. Let X ^ {0} be a compact abelian group and G := (cq(X),Uq). We have: 

(a) If X is connected, then Card G A = Card X A . 

(b) If X is connected and metrizable, then Card G A = No . 

(c) If X a metrizable and disconnected, then Card G A = c. 

Proof, (a) follows from Corollary 16.41 via implication (Hi) ==> (i) of Theorem 16. 151 

(b) follows from Theorem 16. 121 (b). and the equality CardX A = H ( Proposition 12.21) . 

(c) It is easy to verify that 

(7.1) eer abs (i)^{U} N cc (if. 

Since X is compact metrizable, by Proposition [5?2] (c) we get: 

(7.2) eer abs (x),he{i,a N =^ x h eG A . 

Now by Theorem EEH x £ 93 and consequently there exists £ G r abs (X), with £ ^ 1. Then Card {1, £} N = 
c. Therefore, 

{ Xh :he{l,a N }cG A 

and since the correspondence h i-» \h is injective, we get that Card G A > c. □ 

The following statement shows that Proposition E2J6) is the best possible in the class of locally 
compact groups. 

Proposition 7.3. For an infinite locally compact Hausdorff topological abelian group X TFAE: 

(i) X is compact connected and metrizable. 

(ii) Card (c (A),u ) A =H . 

Proof, (i) ==>• (ii) by Proposition 17.2( b). 

(ii) => (i). Let us see first that X is compact and metrizable. Write: G := (co(X),Uo). Let tp : 
G — >• X be the first projection, i.e., the mapping which sends (x n )neN to x\. Then ip A : X A —5- G A is 
injective. So, Card G A = Ho implies that Card X A < Ho. From this by Proposition 12.21 we get that X is 
compact metrizable. Then by Proposition I7.2f c) the equality Card (co(A),Uo) A = Ho implies that X is 
connected. □ 

The connected groups in the class of all compact metrizable abelian groups can be characterized also 
as follows: 

Proposition 7.4. For an infinite compact metrizable abelian group X TFAE: 
(i) X is connected. 
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(ii) (co(X),Uo) A = (^)(N); 

(iii) Card (co(X),u ) A = K - 

(iv) Card (c (X),u ) A < c. 

Proof, (i) (ii) ==>• (iii) by Proposition 17.2( a) . (iii) =>■ (iv) is clear. 

(iv) (i) by Proposition 17.2( c) ■ □ 

The following theorem provides a wide class of precompact metrizable groups which are not Mackey 
in LQC, extending thus the result of Proposition 15.31 

Theorem 7.5. Let X be an infinite compact connected metrizable group. We have: 

(a) (c (X),p ) A = (c (X),u )\ 

(b) Uo is a locally quasi-convex Polish group topology compatible for (co(X),po). 

(c) (co(X),po) is a precompact metrizable group which is not a Mackey group in LQC. Further, it is 
connected. 

Proof, (a) Since po < Uo, we have: (co(X),po) A C (co(X), Uo) A . To prove the converse inclusion, fix an 
arbitrary k G (cq(X),Uq) . By Proposition 17.41 there exists h = (£ n ) n eN 6 (X A )( N ) such that K = Xh- 
Consequently, k G (co(X),p ) A and (a) is proved. 

(b) Uo is a locally quasi-convex Polish group topology by Proposition 13.61 By (a) it is compatible for 
(co(X),p Q ). 

(c) (co(X),po) is a precompact metrizable group because it is a topological subgroup of the compact 
metrizable group (X N ,p). It is not a Mackey group in LQC because by (b) Uo is a locally quasi-convex 
group topology, compatible for (co(X),p ) and strictly finer than p (Proposition [32] (ai) ). Connected- 
ness follows from Proposition ^. 61 (c). □ 

7.6. Groups with uncountable dual. The following statement shows that the topological group (S N , u) 
has a dual much "bigger" than (co(S),Uo). 

Proposition 7.7. Let X ^ {0} be a compact group, G = (X N ,u). Then Card CHom(G,X) > 2 C . 
In particular, ifG = S, then Card G A = 2 C . 

Proof. Denote by 5" the set of all ultrafilters on N. It is known that 

(7.3) Card £ = 2 C . 
For a filter T on N, (£ n )neN e ^ N an d x G X we write: 

Ymtx n = x 

n.J 7 

if for every W G N(X) one has {n G N : x n — x G 14 7 } G T . Since X is compact Hausdorff, it follows 
that for every J€§ and (x n )neN G A N there exists a unique x € X such that lim^jr a; n = x. 
For a filter Jg3 define the mapping x.f : X hy the equality: 

Xjt(x) = lima; n , Vx = (x„)„ eN £ X N . 

n, J 7 

Then 

(7.4) xt G C#om(X N , X) VF€$. 
To verify (fTip . fix T G 5 . As 

Xt( x + y) = lim(.T„ + y„) = lima;„ + limy n = xA x ) + xAy)> Vx > Y e ^ N > 

we conclude that x.f G Hom(X Ti , X). To see that x is continuous on (X N ,u), fix a closed VF G Af(X). 
Since VF is closed, for x = (x n ) ne ti G W N we shall have 

Xf(x) = lima;„ G W. 

Consequently, x^ r (W /N ) C T4 7 . From this relation, as W N G Af(X N ,u), we get that xt is continuous on 
(X N ,u) and ([731 is proved. 



A CLASS OF METRIZABLE LOCALLY QUASI-CONVEX GROUPS WHICH ARE NOT MACKEY 



19 



We have also: 

(7.5) T\ e J, J 2 e ^1^2 xfi ^ x^ 2 

In fact, as T\ and J-2 are distinct ultrafilters, there is F G T\ such that F $ T%. Let x = {x n ) ne ^ e X N 
be defined by conditions: x n — if n € F and i„ = a^0ifneN\F. Then (x) = and xf% ( x ) = a - 
Therefore, XTi XTi an( l (ESJ) is proved. 

Clearly ([7^5]) , ([72)1 and jTJSJ imply that Card CiioTO(A N , A) > 2 C . □ 

8. Open questions 

It follows from [5J Proposition 5.4] that every non-meager (G,fi) € LCS is a Mackey group in LQC. 

Conjecture 8.1. Every metrizable (G,/i) S LCS is a Mackey group in LQC. 

We do not even know if with the topology induced from the product space K N is a Mackey group 
in LQC. 

Remark 8.2. We conjecture that Proposition l5.2f c) remains true for a (not necessarily complete metriz- 
able) topological abelian group. 

It is clear that if G is a discrete group, then G is a Mackey group in MAP. 

Conjecture 8.3. If G € MAP is a Mackey group in MAP, then G is a discrete group. 

The conjecture 18.31 in terms of the Mackey topology can be reformulated as follows. 

Conjecture 8.4. If for a precompact topological group {G,v) there exists the MAP -Mackey topology in 
G associated with v , then v is the finest precompact group topology in G. 

Remark 8.5. In [6] it is shown that a non-complete precompact metrizable (G, //) can be a Mackey 
group in LQC. It is also known that every locally pseudocompact (G, fi) is a Mackey group in LQC (cf. 
[T2"]V An internal description of groups (G, r) SLQC which are Mackey in LQC is unknown. 
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